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Graphene consists of a single atomic layer of carbon atoms densely packed in a hexagonal crystal lattice. 1 Considerable attention has been focused on the stability of the twodimensional lattice of graphene 2 as well as its exceptional low-dimensional electronic, thermal, optical, and mechanical properties [3] [4] [5] that can be potentially utilized in nextgeneration durable, reliable, foldable, and stretchable electronic and nanoelectromechanical devices. 6, 7 In particular, the behaviors of graphene under coupled stretching and bending are of fundamental significance for the study of graphene-based structures and devices. 8, 9 It is known that wrinkling of a thin elastic sheet depends strongly on both the bending stiffness and stretching, 10 and controllable ripples in suspended graphene have indeed been created via in-plane stretching. 11 The behavior of graphene under uniaxial stretching has been studied by molecular mechanics simulations [12] [13] [14] [15] and first-principle calculations. [16] [17] [18] [19] [20] [21] The bending stiffness of graphene has also been studied through theoretical 12, 13, [22] [23] [24] [25] and first-principle calculations. [26] [27] [28] However, the coupling between bending and stretching, in particular the bending stiffness of graphene in a stretched state, has not been reported in the literature. While it can be anticipated that the bending rigidity of graphene could be affected by in-plane stretching, a quantitative study must be conducted to gain a full understanding of the issue.
The bending stiffness of graphene in a free state has been studied in the literature. 13, 22, [24] [25] [26] [27] [28] In standard approach, fully relaxed graphene sheets are rolled into a set of cylindrical nanotubes with different radii. The strain energy density of these tubes can be expressed as U ¼ D 2R 2 , where D is the bending stiffness of graphene and R is the tube radius. By plotting the calculated values of U as a function of 1=R 2 , the bending stiffness of graphene is determined through a linear fitting process. Here, we adopt the same strategy to calculate the bending stiffness of pre-stretched graphene sheets. In this case, the strain energy density is U ¼ D 2R 2 þ U stretch , where U stretch is a reference energy term with no effect on the fitting process. According to the direction of applied stretch, the system under investigation can be divided in three categories: (1) uniaxial stretch of graphene in the armchair direction ( Fig. 1(a) , y-direction); (2) uniaxial stretch of graphene in the zigzag direction ( Fig. 1(a) , x-direction); and (3) equibiaxial stretch of graphene.
Density functional theory (DFT) calculations were performed using the Vienna ab initio simulation (VASP) package 29, 30 with the projector augmented wave (PAW) method 31 and the Perdew-Burke-Ernzerhof (PBE) generalized gradient approximation (GGA) for exchange and correlation. A plane-wave basis set with a kinetic energy cutoff of 550 eV and a Monkhorst-Pack k-point mesh of 21 Â 21 Â 1 are used. Atoms are relaxed using a conjugate gradient algorithm until the interatomic forces are less than 0.1 eV/nm. The structural relaxation and stress-strain calculations are performed in a four-atom unit cell shown in Fig. 1(a) . The size of the periodic box in the z-direction is set at 1 nm to avoid interactions between the graphene sheet and its periodic images. In the absence of stretching, the C-C bond length is calculated to be d ¼ 0.14217 nm, in good agreement with the experimental value of 0.14209 nm. 32 As the graphene is stretched, for instance in the x-direction, one of the lattice length is increased from a 0 to a and then kept fixed ( Fig. 1(a) ). The other lattice length b is varied until the total energy of the system is minimized. The obtained lattice constants a, b, and d are then used to construct nanotubes in a strained state. For biaxial stretching, both a and b are increased with the same strain, followed by structural relaxation with the lattice constants fixed.
With the unit cell structure of graphene at specific strains obtained, we construct a set of graphene sheets and roll them into nanotubes. Depending on the stretching and rolling directions, we label the calculated bending stiffness as D indicates the bending stiffness of graphene when stretched in the armchair direction but rolled about the zigzag direction. DFT calculations are then performed to optimize the structure using a similar method as described above except that the Monkhorst-Pack k-point mesh is set at 1 Â 1 Â 20. During optimization, the radius of CNT is fixed to eliminate the strain induced by rolling, as well as to preserve the prestrain in case the graphene sheet is pre-stretched along the rolling direction. 22 The lattice constants a, b and the C-C bond length d in the armchair direction are shown in Figs. 1(b)-1(d) for different magnitudes of stretching strain e ¼ ða À a 0 Þ=a 0 or e ¼ ðb À b 0 Þ=b 0 . Under equibiaxial stretching, all the lattice constants increase with strain ( Fig. 1(b) ), resulting in a uniform expansion of the hexagonal structure of graphene. Under uniaxial stretching, however, the lattice constant in the direction perpendicular to stretching varies only slightly, and the deformed lattice of graphene is no longer a perfect hexagon (Figs. 1(c) and 1(d) ).
The strain energy density profiles for nanotubes rolled up from a set of pre-stretched graphene sheets are plotted against the inverse square of the tube radii in Fig. 3(a) . The slope of these profiles gives the bending stiffness of stretched graphene. At very small strains e % 0, the energy profiles (red and blue triangles) for different rolling directions match well with each other, indicating that the bending stiffness of graphene is independent of the rolling direction in the absence of stretch. However, at e ¼ 0:1, the energy profiles (pink and purple rhombuses) become substantially dependent on the direction of rolling, indicating rising anisotropy under uniaxial stretching. Fig. 3(b) shows that the calculated bending stiffness converges to a constant value once the tube radius exceeds about 1 nm, although the estimates based on smaller tubes can be slightly (up to 0.5%) higher than the converged value. In this way, the bending stiffness of graphene is extracted from the converged values as in Fig. 3(b) for different stretching and rolling directions, with results summarized in Figs. 3(c)-3(e) . It is clearly seen that the bending stiffness shows significant softening at increasing stretching strain. Such softening obviously depends on the rolling direction under uniaxial stretching. Fig. 3(c) shows that, when stretched in the armchair direction, the bending resistance of graphene softens faster along the zigzag direction than along the armchair direction; the opposite is true when stretched in the zigzag direction (Fig. 3(d) ). Under equibiaxial stretching, the bending resistance softens but remains isotropic (Fig. 3(e) ). In all cases, the bending stiffness D i j decreases linearly with rising strain e in the range 0 e < 0:15, and can be fitted to an approximate formula Fig. 1(c) that the lattice a only varies mildly with the strain, indicating the stretching along the armchair direction does not increase the spacing between atoms along the zigzag direction. The close-packing of atoms along the rolling direction thus prevents the softening of bending stiffness in this configuration. For other cases, the atomic spacing along the rolling direction is usually enlarged by the applied strain, which then leads to the softening of bending stiffness.
One can also use the bond orbital theory (BOT) to understand why the stretching strain can substantially influence the bending stiffness of graphene. From the p-orbital misalignment between adjacent pairs of carbon atoms in a free standing graphene sheet, it has been estimated that D ¼ À À2 . However, the d À2 scaling law is only applicable for atoms around the ground state. In a strained state where d deviates from its equilibrium value, the universal parameter usually scales as d
Àn where n > 2. For instance, V ppp $ d À4:51 for silicon and V ppp $ d À4:76 for germanium. 33 We have applied the bond orbital theory in estimating the bending rigidity of graphene under biaxial stretching with Figure  3(f) shows that the V ppp $ d À5 case agrees with our DFT calculations.
As an example of demonstrating the effect of stretchinduced softening of bending rigidity in graphene, we consider the core size variation in pre-stretched carbon nanoscrolls (CNSs), which is known to depend on both the bending stiffness and surface energy of graphene. 34 In this analysis, one armchair CNS and one zigzag CNS are first stretched axially to specific strains. DFT calculations are then performed to optimize the geometry with the Monkhorst-Pack k-point mesh set at 1 Â 1 Â 20. Additional van der Waals energy term is added to describe the long range interactions. 35 Figs. 4(a) and 4(b) show that the zigzag and armchair CNSs exhibit different core sizes at various stretching strains e ¼ 0; 0:1; 0:2. For the zigzag CNS, the core size increases monotonically with strain ( Fig. 4(a) ). However, for the armchair CNS, the core size is seen to increase with strain for e ¼ 0:1 but then decrease with strain for e ¼ 0:2 ( Fig. 4(b) ). To elucidate the mechanism inducing such complicated change in core size, we recall the equation governing the core size of CNS from Ref. 34 , Additional DFT calculations are conducted to determine the surface energy of graphene under stretching. In contrast to graphite in which the layers of graphene follow the AB stacking, the layers of graphene in CNS have arbitrary stacking as indicated in Fig. 4(c) , where the carbon atom C in the upper layer may project onto any position C 0 within the blue triangle in the lower layer. We selected a total of 21 different stacking forms and conducted DFT calculations for the mean surface energy shown in Fig. 4(c) . It is seen that the surface energy decreases linearly with strain under uniaxial stretching in both directions. With the obtained mean surface energy, we calculate the dimensionless parameter b ¼ 2ch 2 D at various strains, where the value D is from Fig. 3 . Fig. 4(d) shows that, as a zigzag CNS is stretched along the armchair direction, the value of b keeps on decreasing, suggesting that the core size of CNS should increase with strain monotonically in this configuration. For an armchair CNS, however, b first decreases and then increases with strain, indicating that the core size of CNS should first increase and then decrease with strain. These results are fully consistent with the observed variations in core size of CNSs shown in Figs. 4(a) and 4(b).
In summary, we have studied the softening of bending resistance of graphene under stretching. It is found that the bending stiffness depends strongly on the stretching strain, stretching direction, and rolling direction. Under uniaxial stretching, the structure of graphene becomes anisotropic, leading to a strong dependence of bending stiffness on the stretching and rolling directions. The softening is mainly attributed to the stretch induced loosening of atomic packing along the rolling direction, which is demonstrated in our calculations of the electronic structure. In the special case when graphene is first stretched along and then bent about the armchair direction, it shows a non-softening behavior as the strain increases beyond a critical value. The phenomenon of stretch-induced softening of bending rigidity in graphene has been demonstrated by considering the core size variation of carbon nanoscrolls under axial stretching. As the bending stiffness directly affects the morphology of graphene and can subsequently influence its electronic properties, the results derived in this work provides a quantitative framework for the modeling and design of graphene-based nanoelectromechanical devices.
